Introduction.
Let £ be a real Banach space, and V a (proper or improper) subset of £. Let D(x, h) he a function defined for x in V which for fixed x is a linear continuous functional on E in the variable h, in other words, let D(x, h) define a map of V into the space E* conjugate to D. Let E and E* have the topologies induced by their respective norms. The map D(x, h) is called completely continuous if it is continuous and if the image of each bounded subset of V has a compact closure in E*. It is said to be a gradient mapping if there exists a scalar function I(x) such that D(x, h) is the Frechet differential of I(x) at the point x. For the motivation of this terminology and for details, we refer the reader to [6] or [7] . It is known that there is a close connection between the complete continuity of the gradient on the one hand and the weak continuity or related properties of the scalar I(x) on the other hand [6, Theorems 3.2 and 3.3]. Further literature is quoted in [7, footnote ll]; see also [2] and [3] . In particular, it is known [6, Theorem 3.3] that for convex V the complete continuity of D(x, h) implies the following property of the scalar I(x): to each positive n there corresponds a finite number of elements U(i=l, 2, ■ ■ • , N) of E* such that the inequalities
For the case where £ is a Hilbert space, the converse of this theorem was stated and proved in [6] , The reason for the restriction was as follows: Hilbert spaces are the only Banach spaces (of dimension at least 3) with the property that there exists a projection of norm 1 on every closed linear subspace (see [5] ), and such projections were used in the proof given in [6] .
However, it will be seen in the present note, that for the purpose at hand it is not necessary to have projections of norm 1 (or of uniformly bounded norm) on all closed linear subspaces; rather, it will be sufficient that such projections exist on a large enough collection of subspaces. To be more precise we introduce the following concept.
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[December Definition 1.1. Let £ be a Banach space and E* the space conjugate to E. We say that E has property P if there exists a set {/«} (* = 1. 2, ■ ■ • ) of linearly independent elements of E* and a positive number M with the following two properties: the finite linear combinations of elements of {/,-} are dense in E* (that is, {fi} is a fundamental set in E* in the sense of Banach [l, p. 58]), and if Ni= {xEE\fi(x)=0}, then for each integer re there exists a projection of norm at most M on the intersection f\" Ni. In §2 we shall show that the converse theorem in question is true under the assumption P; that is we shall prove the following Theorem 1.1. Let E be a Banach space with property P. Let I(x) be a scalar defined in a convex subset V of E with the following two properties: I(x) has a Frechet differential which is continuous in x, and corresponding to each positive r\ there exists a finite number of elements
Then D(x, h) is completely continuous. §3 deals with conditions that are sufficient for a Banach space E to have property P. In particular, every reflexive Banach space with a base will be seen to have property P. (apply / to (2.1) after xi has been expressed in terms of the bj, and use (2.2)). With the notation of this paragraph, the following lemma is an immediate consequence of the representation (2.3); it may be considered as a generalization of the well-known fact that any / vanishing on Af is a linear combination of the /,-. |lc(x)| t*Mr,\\x\\.
Proof. Since the elements bi are linearly independent mod N, the elements bl =6, -ir6,-have the same property. If then '£" is the space spanned by the b{, we obtain instead of (2.1) the decomposition It is easily verified that x{ =x-ir(x) and n' =ir(x), and consequently, by assumption, (2.9) ||»'|| g Jf||*||.
If we now apply Lemma 2.1 to the new decomposition (2.8), we have to replace n by n' in (2.6) . The inequality thus obtained together with (2.9) proves (2.7).
We now turn to the proof of Theorem 1.1. We have to establish the complete continuity of the gradient mapping D(x, h). For this purpose we may without loss of generality assume that V is bounded. Therefore, by [6, Lemma 3.2] it will be sufficient to prove that, corresponding to a given e>0, there exists a mapping D'(x, h) of V into E* with the following two properties:
the image of V under D' is contained in a finite-dimensional subspace of £*, and (2.10) | D(x, h) -D'(x, h) | g e||A||.
We first choose, corresponding to the given e, For reflexive Banach spaces with a base, Citlanadze [2 ] stated without proof some propositions related to Theorem 1.1. In a later paper [3, Theorem l] he proved such a theorem in the more special case of an Lp space ip>l). Bibliography 
